Abstract. For any relatively minimal hyperelliptic fibration f with slope four, there exists the inequality with respect to the relative Euler-Poincaré characteristic χ(f ) of f and the genus g(f ) of a fiber of f . This inequality restricts the extent of pairs (g(f ), χ(f )) for relatively minimal hyperelliptic fibrations f with slope four which exist. Hence, for given suitable integers g and z, we consider the existence of a relatively minimal hyperelliptic fibration f with g(f ) = g, χ(f ) = z and slope four. The main purpose in this paper, for any positive integer g, is to prove that there exists a relatively minimal hyperelliptic fibration f with g(f ) = g, χ(f ) ≥ z(g) and slope four, where z(X) is a certain polynomial of degree two.
Introduction
In this article, all varieties are defined over the complex number field. Let f : X −→ C be a fibration from an algebraic surface X of general type onto a smooth algebraic curve C with genus g (C) . Denote the genus of a general fiber of f by g(f ) and put Δ = (g(f ) − 1)(g(C) − 1).
If f is locally trivial, then we see the following numerical properties:
where K • , χ(O • ) and e(•) denote a canonical divisor, the Euler-Poincaré characteristic and the topological Euler number of •. Let K X/C be the relative canonical divisor of f . We call χ(f ) = deg f * K X/C the relative Euler-Poincaré characteristic of f . Then discrepancies between invariants of f and those of a locally trivial fibration can be computed by the following equations:
where e f is computed as P ∈C {e(f −1 (P )) + 2g(f ) − 2}. In fact, this sum is taken over all points P such that f −1 (P ) are singular fibers. (If f −1 (P ) is nonsingular, then e(f −1 (P )) = 2 − 2g(f ).) We assume that f is relatively minimal and not locally trivial. In this case, we have χ(f ) = 0 ([2, III,Theorem 17.3]). We define the slope λ(f ) of f to be λ(f ) = K Furthermore, by Konno [6, Theorem 4.3] , if almost all fibers of f are nonhyperelliptic curves and f * K X/C is semi-stable, then λ(f ) ≥ (5g(f ) − 6)/g(f ). In particular, there exists the upper bound of g(f ) for any fibrations f satisfying λ(f ) < 5 and the above assumptions. A fibration f : X −→ C is called a hyperelliptic fibration if and only if almost all fibers of f are hyperelliptic curves. From these slope inequalities, for any hyperelliptic fibrations f with 4 ≤ λ(f ) < 5, the genus g(f ) may not be restricted. In order to show that there exists no restriction for g(f ), the author has studied hyperelliptic fibrations with slope four in [5] and proved the following:
. Let g be an integer greater than three. We set
Then any relatively minimal hyperelliptic fibration f : X −→ C with g(f ) = g and λ(f ) = 4 satisfies χ(f ) ≥ Δ(g). Moreover, there exists a relatively minimal hyperelliptic fibration f of genus g with λ(f ) = 4 and χ(f ) = Δ(g).
From the above theorem, we see that there exists a restriction for χ(f ). Our interest is the following problem: for any pair (g, z) of suitable integers, does there exist a relatively minimal hyperelliptic fibration f with λ(f ) = 4, g(f ) = g and χ(f ) = z? If we only consider fibrations f with constant slope λ, then X satisfies the numerical property K 
(i) g is an even integer which is greater than four and z
(ii) g is an odd integer which is greater than three and z ≥ g 2 − 1.
By the above theorem, we see that there exists a relatively minimal hyperelliptic fibration f with g(f ) = g, χ(f ) 0 and λ(f ) = 4 for any positive integer g. This gives an answer to our problem in the case of a fibration with high relative Euler-Poincaré characteristic.
If f is a hyperelliptic fibration, then the relative canonical map of f is a generically two-to-one map and its proper image is a birationally ruled surface over C. Hence, we see that X is birationally equivalent to a double covering of a ruled surface over C (cf. In order to prove Theorem 0.3, we find required fibrations whose structures are double coverings of Hirzebruch surfaces. In Section 1, we recall the theory of double coverings of surfaces (cf. [3] , [7] , [5] ). By using this theory, for any positive integers m and a sufficiently large integer g, we can prove that there exists no relatively minimal hyperelliptic fibration with g(f ) = g, χ(f ) = gm and λ(f ) = 4. In consequence of this fact, we see the following: let z(X) be a polynomial in a variable X. If there exists a relatively minimal hyperelliptic fibration f with g(f ) = g, χ(f ) ≥ z(g) and slope four for any positive integer g, then the degree of z(X) is greater than one. It follows that Theorem 0.3 is best with respect to the degree of the right side of the inequality.
In Section 2, we give a certain effective divisor which is a branch divisor of a double covering on the d-th Hirzebruch surface Σ d . We call a point P in a divisor D a 2-fold j-ple point if an infinitely near point of P is an ordinary j-ple point of the strict transform of D by blowing up at P . By applying a method similar to that used in [7, Proposition 3.1] for the purpose of constructing fibrations of genus two, we find sets of suitable effective divisors
. Considering a double covering branched along B, we obtain a hyperelliptic fibration over the projective line. From the theory of a double covering in Section 1, we give the numerical condition of (l 1 , l 2 , . . . , l g+1 ) that the slope of this fibration is equal to four.
In Sections 3, 4 and 5, to conclude the proof Theorem 0.3, we give elements of Z g+1 >0 satisfying this numerical condition and compute the Euler-Poincaré characteristic.
Resolution of double cover and its invariants
In this section, we recall the terminology and results on double coverings (cf. [3] , [7] ). Let π = π 0 : X −→ Y be a double cover between a normal surface X = X 0 and a smooth algebraic surface Y = Y 0 . Let B = B 0 be the branch divisor of π. Denote the rational function field of X by K(X).
Let ϕ 0 : Y 1 −→ Y 0 be the blowup at a singular point p 0 of B and π 1 :
Then we obtain the natural birational morphism ϕ 0 : X 1 −→ X 0 . Denote the branch divisor of π 1 by B 1 . Continuing this process until the branch divisor B n of π n has no singular points, we obtain the sequence of birational morphisms ϕ 0 , ϕ 1 , . . . , ϕ n−1 and the following diagram:
Since B n has no singular points, X is smooth; i.e., the composition ϕ : X −→ X of morphisms ϕ 0 , ϕ 1 , . . . , ϕ n−1 is a resolution of singularities of X. We call such a ϕ the canonical resolution of π. Denote the multiplicity of B k at p k by mult p k (B k ) and let E k be the exceptional curve of ϕ k . The exceptional curve E k is contained in the branch divisor of π k+1 if and only if mult 
Proof. See 
where is the number of (−1)-curves contained in fibers of
From the above equations, we obtain
By the assumption that
Hence we obtain
i.e., α ≤ 2gm/(g−3). Since α is an integer, this shows that α ≤ 2m for a sufficiently large integer g. Moreover, we have
i.e., m k ≤ α + 1 for all k. By a similar argument as above, we have g(α − m) ≤ α(α + 1). Hence we obtain g(α − m) ≤ 2m(2m + 1). By our assumption that g 0, we have α = m and m k = 1 for all k; i.e., X has at worst rational double points. Then it is easy to see that there exist no (−1)-curves contained in a fiber
Let z(X) be a polynomial in one variable X satisfying the following property: ( * ) There exists a relatively minimal hyperelliptic fibration f with g(f ) = g, χ(f ) = z and λ(f ) = 4 for any positive integers g and z such that z ≥ z(g). If the degree of z(X) is one, then there exists an integer m such that mg/2 ≥ z(g) for a sufficiently large integer g. Therefore, from Proposition 1.2, the degree of z(X) satisfying the property ( * ) is greater than one. On the other hand, from Theorem 0.3, the polynomial X 2 + X/2 − 1 satisfies the property ( * ). Therefore, we see that the lower bound of the degree of the polynomial with the property ( * ) is two.
Double covering of Hirzebruch surface
In this section, we construct hyperelliptic fibrations which are double coverings of Hirzebruch surfaces for the proof of Theorem 0.3. Let p d :
First, for constructing the branch divisor, we show the existence of the following sets of curves and consider the sum of these curves.
Lemma 2.1. Let (l 1 , l 2 ; i.e.,
P is an ordinary j-ple point of . In order to obtain the required curves, we give curves C k satisfying the following conditions:
Note that we have 
Hence, it follows that there exist curves C k satisfying the above conditions. Moreover, by (H (2d) 0 ) 2 = 2d, we see that there exists no base point of L k except for points contained in D k . Therefore, we can choose curves C k ∈ L k satisfying that C k is a transversal to another C k on H 
Then h is a hyperelliptic fibration of genus g. In the following, we call this hyperelliptic fibration h a fibration associated to (l 1 , l 2 , . . . , l g+1 ). By using Lemma 1.1, we have the following:
Under the same notation as above, the fibration h : X −→ P 1 has the following numerical properties:
Proof. With the notation concerning the canonical resolution of π as in Section 1, we first compute χ(O X ) and K X . Let P be a 2-fold j-ple point of B. Then
i=0 contains blowups at P and an infinitely near point of P . For simplicity, we assume that ϕ 0 is a blowup at P and that ϕ 1 is a blowup at an infinitely near point of P . Let E 0 and E 1 be strict transforms of exceptional curves of ϕ 0 and ϕ 1 , respectively.
We argue the canonical resolution ϕ of π by using Figures 1 and 2 . To illustrate the canonical resolution of π, thin curves are used to represent components of the branch divisor of ϕ and broken curves are used to represent curves not contained in the branch divisor. Thick curves are used to represent strict transforms of curves in X . The self-intersection number is written near the curves. By Figures 1 and 2 , we see that
The branch divisor B has l j 2-fold j-ple points on H 
Since h is the relatively minimal model of h , for computing χ(h) and K 2 X/P 1 , we count the number of (−1)-curves in fibers of h .
Since B does not contain fibers of p d , (−1)-curves in fibers of h coincide with certain exceptional curves of ϕ. There exists a (−1)-curve contained in the inverse image of a 2-fold j-ple point by π •ϕ for an odd integer j. (See Figure 1. ) Moreover, we see that there exist no (−1)-curves in the exceptional set of ϕ except for these (−1)-curves. (See Figure 2. ) Hence, the number of (−1)-curves in fibers of h is equal to j≥3, j:
We conclude from these equations that
By Lemma 2.2, the slope of a fibration h associated to (l 1 , l 2 , . . . , l g+1 ) is equal to four if and only if the following equation holds:
For any (l 3 , l 4 , . . . , l g+1 ) ∈ Z g−1 >0 satisfying the condition (2.1), since we have
j=3 jl j , we can choose non-negative integers l 1 and l 2 satisfying g+1 j=1 jl j = 2d(g + 1). In order to give a hyperelliptic fibration with slope four, it suffices to give an element (l 3 , l 4 , . . . , l g+1 ) ∈ Z g−1 >0 satisfying the condition (2.1). Thus, for simplicity of the notation, we call the above fibration h a fibration associated to (l 3 , l 4 , . . . , l g+1 ) .
>0 satisfying the condition (2.1), a fibration h associated to (l 3 , l 4 , . . . , l g+1 ) has the following numerical properties: .2) 3. In the case that the genus is even 
Proof. We set integers l 3 , l 4 , . . . , l g+1 as follows:
where we set k −1 = k 0 . By the assumption that
Hence, (l 3 , l 4 , . . . , l g+1 ) satisfies the condition (2.1). Let h be a fibration associated to (l 3 , l 4 , . . . , l g+1 ). Since it is clear that g(h) = g and λ(h) = 4, it is enough to compute the relative Euler-Poincaré characteristic of h. From the equation (2.2) and the assumption that
For 
Lemma 3.2. For an integer d which is greater than or equal to three and a positive integer N , set
Proof. Let z be an integer which is less than (N +1)(N +2)/2. It is well-known that any positive integer is represented by a sum of at most three triangular numbers. Therefore, z is represented by a sum of at most three triangular numbers which are less than (N + 1)(N + 2)/2, i.e., 
Next we show that the fibration required in Theorem 0.3 (i) coincides with one of the fibrations constructed in Proposition 3.1 by using the previous lemma. For a set I ⊂ Z and x ∈ Z, we denote the set {x − z ∈ Z | z ∈ I} as x − I. Proof. By Proposition 3.1, it suffices to prove that an integer z ≥ g 2 + g/2 − 2 is represented by the form
where the k i 's are non-negative integers and N is an integer such that 0
Hence it is enough to show that d≥1 = g 2 + g/2 − 2, the assertion follows from it.
4. In the case that the genus is odd and greater than five
We need several propositions to prove the existence of fibrations as in Theorem 0.3 (ii) in the case that the genus is odd and greater than five. These propositions are proved by the same calculations as in Proposition 3.1. In the proof of these, we give only integers l 3 , l 4 , . . . , l g+1 satisfying the condition (2.1) and do not repeat the same argument concerning invariants of the fibration associated to (l 3 , l 4 , . . . , l g+1 ). 
